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1. Introduction 



Flat surfaces and strata. Suppose g > 1, and let a = (a%, . . . , a n ) be a partition 
of 2g — 2, and let H{a) be a stratum of Abelian differentials, i.e. the space of pairs 
(M,u) where M is a Riemann surface and a; is a holomorphic 1-form on M whose 
zeroes have multiplicities ot\ . . . a n . The form u defines a canonical flat metric on M 
with conical singularities at the zeros of u. Thus we refer to points of H(a) as flat 
surfaces or translation surfaces. For an introduction to this subject, see the survey 
[Zo2] . 

Affine measures and manifolds. Let T-Li(a) C %{a) denote the subset of surfaces 
of (flat) area 1. An affine invariant manifold is a closed subset of "Hi (a) which 
is invariant under the SX(2,R) action and which in period coordinates (see \Zo2\ 
Chapter 3]) looks like an affine subspace. Each affine invariant manifold Ai is the 
support of an ergodic SL(2,M) invariant probability measure vm- Locally, in period 
coordinates, this measure is (up to normalization) the restriction of Lebesgue measure 
to the subspace Ai, see [EM] for the precise definitions. It is proved in [EMMj that 
the closure of any SX(2,R) orbit is an affine invariant manifold. 

The most importatant case of an affine invariant manifold is a connected component 
a stratum Hi(a). In this case, the associated affine measure is called the Masur-Veech 
or Lebesgue measure |Maslj . [Velj . 

The Teichmiiller geodesic flow. Let 

_/e* 0\ _ / cos# sin# 

9t ~ \0 e~7 Te ~ \-sm9 cos6 

The element rg G SL(2, R) acts by (M, u) — > (M, e u). This has the effect of rotating 
the flat surface by the angle 9. The action of g t is called the Teichmiiller geodesic 
flow. The orbits of SX(2,R) are called Teichmiiller disks. 

A variant of the Birkhoff ergodic theorem. We use the notation C C (X) to 
denote the space of continuous compactly supported functions on a space X. 
One of our main results is the following: 

l 
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Theorem 1.1. Suppose x G %i{a). Let M. = SL(2,M)x be the smallest affine 
invariant manifold containing x. Then, for any <fi G C c {%i{a)), for almost all 6 G 
[0, 2n), we have 



where um is the affine measure whose support is M.. 

Remark. The fact that (II -ip holds for almost all x with respect to the Masur-Veech 
measure is an immediate consequence of the Birkhoff ergodic theorem and the ergod- 
icity of the Teichmiiller geodesic flow |Maslj . |Vel] . The main point of Theorem 11.11 
is that it gives a statement for every flat surface x. This is important e.g. for ap- 
plications to billiards in rational polygons (since the set of flat surfaces one obtains 
from unfolding rational polygons has Masur-Veech measure 0). 

Remark. The proof of Theorem 11.11 is based on the results of [EM] and |EMMj and 
the strong law of large numbers. One complication is controlling the visits to neig- 
borhoods of smaller affine submanifolds, which we do using the techniques of |EMMj , 
[A] . |EMaj and which were originally introduced by Margulis in |EMaMo] . 

The Kontsevich-Zorich cocycle. We consider the Hodge bundle whose fiber above 
the point (M,u) is H 1 (M, M). If we choose a fundamental domain for the action of 
the mapping class group T, then we have the cocycle A : SL(2, R) x Hi (a) —> T where 
for x in the fundamental domain, A(g, x) is the element of T needed to return the 
point gx to the fundamental domain. Then, we define the Kontsevich-Zorich cocycle 
A(g,x) by 



where p : T — > Sp(2g, Z) is the homomorphism given by the action on homology. The 
Kontsevich-Zorich cocyle can be interpreted as the monodromy of the Gauss-Manin 
connection restricted to the orbit of SL(2,M), see e.g. \Zo2\ page 64]. 

A variant of the Osceledets multiplicative ergodic theorem. 

Theorem 1.2. Fix x G "Hi(a), and let Ai = SL(2,M)x denote the smallest affine 
manifold containing Ai . Then 

I. Ifipi(t,6) < ■ ■ ■ < tp2g{t,0) are the eigenvalues of the matrix A*(g t ,rgx)A(g t ,rgx) , 
then for almost all 9 G [0, 2tt), we have 



Here the numbers X± > ■■■ > \2 9 depend only on M.. They are called the 
Lyapunov exponents of the Kontsevich Zorich cocycle on Ai . 



(1.1) 




A{g,x) = p(A(g,x)) 



(1.2) 



t— >oo t 



lim -log^(t,0) = 2X t . 
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II. For almost all 9, the limit 

lim (A* (g t ,r e x)A(g t ,r e x))^ = A(x,0) 

t— >oo 

exists. Moreover, the eigenvalues of the matrix A(x , 9) , taken with their mul- 
tiplicities, coincide with the numbers e Xi . Furthermore, 

lim \log\\A{g t ,r e x)A- t {x,9)\\ = lim - log || A n (x, 9)A~ 1 (g u r e x) || =0. 

III. Let ati < • ■ • < a s denote the distinct Lyapunov exponents Aj. Let Ui(x, 9) C 
H l (M, K) denote the corresponding eigenspaces of A(x,9). We set Vq(x,6) = 
{0} and Vi(x, 9) = U±(x, 9) © • • • © Ui(x, 9). Then, for almost all 9, and for 
any v e Vi(x, 9) \ Vi-i(x, 9), we have 

lim - \og\\A{g u r e x)v\\ = a*. 

s-oo t 

Remark. The fact that the conclusions of Theorem 11.21 hold for almost all x with 
respect to the affine measure vm (or in particular with respect to the Masur-Veech 
measure) is just the classical Osceledets multiplicative ergodic theorem. The main 
point of Theorem 11.21 is that the conclusion holds for all x G "Hi (a). This has 
some applications which partly motivated this paper, in particular in connection to 
the wind-tree model [DHL], |FU] and earlier results on IETs |Zoj . |MMY] . By the 
arguments in [DHL] Theorem 11.21 strengthens [DHL I Theorem 1 part 2] to apply 
to all obstacles. It is likely that the arguments |FU] extend |FU] Theorem 1.2] to 
apply for all obstacles with the input of Theorem 11.11 and 11.21 Theorems 11.11 and 
PI extend jMMYj to apply to a full measure subset of the one parameter family of 
IETs coming first return to a transversal on any flat surface. Theorem 11.11 implies 
condition (a). In particular, an open set in the space of flat surfaces (in a fixed affine 
invariant submainfold) can be related to the IETs coming from it having taking 
all possible names in fixed bounded time. Condition (b) holds by |Foj . Condition (c) 
holds by Theorem 11.21 Theorem 11.21 extends [Zo] to apply to a full measure subset 
of the one parameter family of IETs coming first return to a transversal on any flat 
surface. The question of whether Theorem 11.21 is true was raised in |Fo2j . 

It is well known that parts II and III of Theorem 11.21 follow from part I by an argu- 
ment which does not involve any ergodic theory (see |CMj . from which our statement 
of the multiplicative ergodic theorem was taken). It is thus enough to show that 
part I holds for all x and almost all 9. Our proof of I is based on the same ideas as 
the proof of Theorem 11.11 namely the results of [EMj , |EMM] and the strong law of 
large numbers. However, we also need another important input: the theorem of Filip 
stated as Theorem 11.61 below. This complication can be traced back to the fact that 
the Kingman and Osceledets ergodic theorems can fail to hold at some points even 
for uniquely ergodic systems (see |Fuj and references therein). 
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Definition 1.3 (v- measurable almost invariant splitting). Let X be a space on which 
G = SL(2, R) acts, preserving a measure v. Suppose V is a real vector space, and 
suppose A : G x X — > SL(V) is a cocycle. We say that A has an almost invari- 
ant splitting if there exists n > 1 and for a.e x there exist nontrivial subspaces 
Wi(x),. . ., W n (x) C V such that Wi(x) n Wj(x) = {0} for 1 < i < j < n and also for 
a.e g G G and u-a.e. x G X, 



The map x —> {Wi(x), . . . , W n (x)} is required to be v- measurable. The splitting is 
called non-degenerate if all the Wi(x) have distinct top Lyapunov exponents. 

Definition 1.4 (Strongly irreducible, weakly irreducible). A cocycle A is strongly 
irreducible with respect to the measure v if is does not admit a ^-measurable almost 
invariant splitting. A cocycle A is weakly irreducible with respect to the measure v 
if it does not admit a non-degenerate almost invariant splitting. 

In this paper, we prove the following: 

Theorem 1.5. Fix x G "Hi (a), and let Ai = SL(2,M)x be the smallest affine in- 
variant manifold containing x. Let V be SX(2,R) invariant subbundle of (some ex- 
terior power of) the Hodge bundle which is defined and is continuous on M.. Let 
Ay '■ SX(2,R) x Ai — > V denote the restriction of (some exterior power of) the 
Kontsevich-Zorich cocycle to V , and suppose that Ay is weakly irreducible with re- 
spect to the affine measure v M whose support is M.. Then, for almost all 9 G [0, 2%), 



exists and coincides with the top Lyapunov exponent of Ay . 

The main additional input needed for the proof of Theorem 11.21 is the following: 

Theorem 1.6 ([Fi]). Let A(-,-) denote (some exterior power of) the Kontsevich- 
Zorich cocycle restricted to an affine invariant submanifold A4. Let vm be the affine 
measure whose support is Ai, and suppose A has a uj^-measurable almost-invariant 
non-degenerate splitting. Then, the subspaces Wi(x) in Definition \1.'J\ can be taken to 
depend continuously on x G A4. 

Proof of Theorem 11.21 from Theorem 11.51 and Theorem 11.61 Let A(-, •) de- 
note the Kontsevich-Zorich cocycle restricted to an affine invariant submanifold M.. 
Then by |EMl Theorem A. 6] A(-, •) is semisimple, in the sense that (after passing 
to some finite cover) for z^-almost all x E M there is a um -measurable direct sum 
decomposition 



A(g,x)W i (x) = W j (gx) 



for some 1 < j < n . 



(1.3) 




H 1 {M,R) = ®V i (x), 



i=l 
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where all the subbundles V{ are //^-measurable, SL(2, M)-invariant and strongly ir- 
reducible. This remains true when passing to any exterior power, see [FI]. We now 
combine all the Vi with the same top Lyapunov exponent to obtain a direct sum 
decomposition 

n' 

H 1 (M,R)=Q)W i (x), 

i=l 

where each subbundle Wi is weakly irreducible (see Definition II .4p . By Theorem II. 6 \ 
the Wi(x) can be taken to depend continuously on x. Then, by Theorem 11.51 it 
follows that the top Lyapunov exponent on each Wi is defined for almost all 9. (To 
connect the conclusion of Theorem 11.51 with (12. 41) , note that the top eigenvalue of 
A v (g t ,r g x)*A v (g u r g x) is \\A v (g u r e x)\\ 2 ). 

To get that the rest of the Lyapunov exponents are defined for almost all 9 it suffices 
to repeat the argument for the cocycle acting on the exterior powers of the Hodge 
bundle. (Note that the norm of Ay{g tl r g x) acting on f\ d (V) is the product of the top 
d eigenvalues of [Av(gt, rex)*Ay (gtrex)} 1 ^ 2 acting on V). This proves statement I of 
Theorem ll.2| and then statements II and III of Theorem 11.21 follow as in [GM] . □ 

Remark 1.7. For the case of a two-dimensional continuous subbundle V of the Hodge 
bundle, Theorem 11.21 follows from Theorem 11.51 (without the need for Theorem |1.6p . 
Indeed, by |AEMt Theorem 1.4] any SL(2, R)-invariant measurable subbundle of the 
Hodge bundle is symplectic, and thus even dimensional. Thus, the restriction of the 
cocycle to a two-dimensional subbunde is automatically strongly irreducible. (This is 
the case which arises in [DHL] . [FUj ). 

2. Random walks 

To provide intuition, we first prove versions of Theorem 11.11 and Theorem 11.51 for 
random walks. We use the following setup. Let [i be an S'0(2)-bi-invariant compactly 
supported measure on SX(2,1R) which is absolutely continuous with respect to Haar 
measure. We consider the random walk on SL(2,M.) whose transition probabilities 
are given by fi. This also defines a random walk on "H^ct), via the SX(2,K) action. 
(The trajectories of this random walk stay in Teichmiiller disks). 

Let g = (<7i, . . . , g 2 , . . . , ) denote an element of SX(2,IR) N . Let /x N denote the 
product measure on SL(2, M) N . It follows from the Osceledets multiplicative ergodic 
theorem that for /^-almost-all g, the trajectory 

9l, 9291, 9n-l ...91, 9n9n-l ■ ■ ■ 9l 

tracks, up to sublinear error, a geodesic of the form {gtre : t 6 1} with respect 
the the right-invariant metric on SL(2,M). (This will be made more precise in §|4]). 
The angle 9 depends on g, but as we show in §|4j the distribution of #'s induced by 
/x N is uniform. Thus, we expect to have analogues of Theorem 11.11 and Theorem 11.21 
(and Theorem I1.5P in the random walk setup, where the clause "for almost all 9" 
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is replaced by the clause "for almost all g" . This is indeed the case, and we find 
the proofs of the random walk versions, namely Theorem 12.11 and Theorem 12.61 a bit 
cleaner and easier to follow. Also we will see below that Theorem 11.51 follows formally 
from its random walk version Theorem 12.61 

2.1. A Birkhoff type theorem for the random walk. 



Theorem 2.1. Suppose x £ T-Li(a). Let Ai = SL(2,M)x be the smallest affine 
invariant manifold containing x. Then, for any £ C C (T-Li(a)), for ^-almost all 
g £ SL(2,M) n , we have 

1 N f 
(2.1) lim —y2<f>{g n ...g 1 x)= / (j>du M , 



where vm is the affine measure whose support is Ai. 



Corollary 2.2. Suppose x £ *Hi(a). Let Ai = SL(2,M)x be the smallest affine 
invariant manifold containing x. Let U be an open subset of Ad. Then, for [i 9 -almost 
all g £ SL(2,R) n , we have 

1 N 

i im T?y2 Xu(9n ■ --gix) = u M {U), 

n=l 

where vm is the affine measure whose support is Ai. 

Our proof of Theorem 12.11 follows |BQ| . Let x, Ai and vm be as in Theorem 12.11 
We begin with the following: 

Lemma 2.3. For almost every g £ SL(2, M) N , if v is a weak-* limit point of 

1 N 

n=l 

then v is ^-stationary (i.e. // * v — v). 

Proof. It suffices to check a countable subset of C c (Ai), so it suffices to have the 
result for each fixed function in C C (A4). We follow |BQ[ Lemma 3.2]. Let (f> £ C C (A4) 
be a test function. Let 



fn(x, g) = (j)(g n g n -i ■ ■ ■ gix) - / ^>{hg n -\ ■ ■ ■ g\x) dfi(h). 

JSL(2,R) 

By definition fj l£Al * i€ a -i fn{x, g)dfi N = for any n £ N and any subsets 
Ai, A n _i of E. Additionally, ||/ n ||oo < 2H0HOQ. So by the strong law of large 
numbers 

1 N 

i^N^^s)- fora - e - 9- 

n=l 
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Thus v is /i-stationary almost everywhere. □ 
We also use the following (which is the main technical result of [EMM] ): 

Proposition 2.4 (see [EMMl Proposition 2.13], jEMMl Lemma 3.2]). Let Af C U\(a) 
be an affine submanifold. (In this proposition Af = is allowed). Then there exists 
an SO (2) -invariant function fjy : "Hi (a) — > [1, oo] with the following properties: 

( a ) fAf{ x ) = oo if and only if x G Af, and fj^f is bounded on compact subsets of 
%i(a) \Af. For any £ > 0, the set {x : f(x) < £} is a compact subset of 
Ui{a)\N. 

(b) There exists b > ( depending on Af) and for every < c < 1 there exists 
n > (depending on Af and c) such that for all x G %\{pt) and all n > n , 

[ Mx)d^(x)<cf Af (x) + b. 

JSL(2,U) 

Here denotes the convolution ji* • ■ ■ * ji (n times). 

(c) There exists a > 1 such that for all g G SX(2,R) with \\g\\ < 1 and all 
x G "Hi(a), 

^fM^x) < fx(gx) < o-fx(x). 



Lemma 2.5 ( |BQ[ Proposition 3.9]). Suppose fjy is a function satisfying the con- 



ditions of Proposition 2.4 ■ Then, for any < c < 1 any M > and fi - almost- all 



g G SL(2,M) , we have, for all sufficiently large n, 
(2.2) -|{0 < k < n : f N (g k ....g lX ) > M}\ < 



n , L • «v W «- ^ j (1 -c)M' 



where C depends only on the constants uq, b and a of Proposition \2~4 



Proof of Theorem 12.11 Let v be any weak-* limit point of X^Li $g„...gix- By 
Lemma 12.31 for almost all g, v is /i-stationary. By |EMt Theorem 1.6], any fi- 
stationary measure (such as v) is SL(2, IR)-invariant. 

By |EMl Theorem 1.4], any ergodic SL(2, M)-invariant measure is affine. Therefore, 
since v is supported on yVf, v has can be decomposed into ergodic components as 

AfCM 

where a^- G [0, 1] and the sum is over the affine invariant submanifolds M contained 
in M.. (Here J\f = M. is allowed). By [EMM} Proposition 2.16] this is a countable 
sum. By applying ( 12. 2ft for the case Af = we get that for yU N -almost all g, v is 
a probability measure. Then, by applying (12. 2ft again with Af any affine invariant 
submanifold properly contained in A4, we see that for //^-almost-all g, 0(Af) = 0. 
Thus aj\f = for Af properly contained in A4. Since v is a probability measure, this 
forces v = uj^, completing the proof of Theorem 12.11 □ 
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2.2. An Osceledets type theorem for the random walk. 



Theorem 2.6. Fix x 6 Hi(a), and let Ai = SL(2,M)x be the smallest affine in- 
variant manifold containing x. Let V be SL(2,M.) invariant subbundle of (some ex- 
terior power of) the Hodge bundle which is defined and is continuous on Ai. Let 
Ay : SL(2,M.) x Ai — > V denote the restriction of (some exterior power of) the 
Kontsevich-Zorich cocycle to V, and suppose that Ay is weakly irreducible (see Def- 
inition [TT^P with respect to the affine measure Vm whose support is Ai. Then, for 
fi N -almost-all g = (g ly ...,g n , 



(2.3) lim - log \\A v (g n ... g 1 , x) \\ = A x 

n->oo n 

where \\ is the top Lyapunov exponent of Ay restricted to Ai (and depends only on 
[i, V and M ). 

Let m = dim(V). We recall the statement of the Oseledets multiplicative ergodic 
theorem from e.g. |GM] in this setting: 

Theorem 2.7. For ^-almost all y G M and ^-almost-all g e SL(2,R) N , the 
following hold: 

I. Let ipi{n,g,y) < ■ ■ ■ < ip m (n,g,y) denote the eigenvalues of the matrix 

A v (g n ---gi,y)Av(g n ...g 1 ,y). 
Then for 1 < i < m, 

(2.4) lim - \ogxjji(n,g,y) = 2A*. 

Here the numbers \\ > ■ ■ • > X m depend only on and V. They are the 
Lyapunov exponents of the cocycle Ay on Ai . 
II. The limit 

lim (A* v (g n . . . g u y)A v (g n . . . g u y))^ = A(y,g) 

n— >oo 

exists. Moreover, the eigenvalues of the matrix A(y , g) , taken with their mul- 
tiplicities, coincide with the numbers e Xi . Furthermore, 

(2.5) lim -log\\A v (g n . . . gi ,y)A- n (y,g)\\ = 

n—>-oo n 

= lim - log \\A n (y,g)A v 1 (g n . . .gi,y)\\ = 0. 

n— >oo Tl 

III. Let a± < ■ ■ ■ < a s denote the distinct Lyapunov exponents A». LetUi(y, g) C V 
denote the corresponding eigenspaces of A(y,g). We set Vo(y,g) = {0} and 
Vi{.Di9) — Ui(y,9) © • ■ • © Ui{y,g). Then, for almost all y,g, and for any 
v e Vi(y,g) \ Vi-i(y,g), we have 

lim - log \\A v (g n ... g ly y)v\\ = a { . 
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Remark 2.8. As was done £JT], one can use the theorem of Filip Theorem 11.61 and 
Theorem [221 to show that the conclusions of Theorem 12 . 71 hold for all y (and almost all 
g) provided Ai is the smallest affine invariant manifold containing y (or equivalently 
Ai = SL(2,R)y). 

Notation. For L G N, let fi L denote the measure on SL(2, M.) L given by // x /i x . . . x 
(L times). 

The set E goo d(e, L). Suppose e > 0, L G N. Let E goo d(e, L) denote the set of y G Ai 
such that for each v G V there exists a subset H(v) C SL{2, IR) L so that 

(2.6) H L (H(v)) > 1 - e, 
and for all (h±, . . . , hi) G H(v), 

(2.7) (Ax - ef < \\MhL^.h,y)v\\ ^ ^ y) |( ^ ( ^ + f)L 

The following Lemma is a key step in our proof. 
Lemma 2.9. For any fixed e > 0, 

lim u M (E good (e, L)) = 1. 

L— too 

2.2.1. Proof of Lemma \2. 91 Fix 1 < s < m, and let Gr s (V) denote the Grassmanian 
of s-dimensional subspaces in V. Let Ai = Ai x Gr s (y). We then have an action of 
SL(2,R) on jM, by 

Let i>x be an ergodic /i-stationary measure on Ai which projects to u M under the 
natural map — ?• A^. (Note there is always at least one such: see e.g. [EM| §C.2]). 
We may write 

dv M {x, U) = du M (x) drj x (U), 

where rj x is a measure on Gr s (V). 
For v G V, let 

I{y) = {U G Gr s (V) : v G U}. 

Lemma 2.10 ([EMl Lemma C.9(i)]). Suppose the cocycle Ay is strongly irreducible 
with respect to um- Then for almost all y G Ai, for any v y G V , r} y (I(v y )) = 0. 

Proof. The proof is given in |EMl Appendix C]. The essential idea is that if con- 
clusion of Lemma 12.101 is false, then the cocycle would have to permute some finite 
collection of subspaces, contradicting the strong irreducibility assumption. □ 
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Corollary 2.11 (c.f. [[EM] Lemma 14.4]). Suppose the cocycle Ay is weakly irre- 
ducible (see Definition \l.J^ with respect to z/^. Then for almost all y G M., for any 



w y G V, 

(2.8) n N ({geSL(2,Rf : w y G V s -i(y,g)}) = 0. 

Proof of Corollary 12.111 Since V is weakly irreducible, we may write 

n 

V(x) = G)Wi(x), 



i=l 

where each Wi(x) is strongly irreducible, and all the Wi have the same top Lyapunov 
exponent. Then, 

n 

V.-i(i/,y) = 0v2 1 (y,y), 
i=i 

where V^_ x is the analogue of V s _i for Wi in place of V. Now, ( 12. 8 p follows from 
the corresponding statement for each Wi. Thus, without loss of generality, we may 
assume that V is strongly irreducible. 

For F C Gr s _i(V r )) (the Grassmanian of s — 1 dimensional subspaces of V) let 

P X (F) = ^ ({g e SL(2,Rf : V s _i(y, g) G F}) , 

and let t> denote the measure on the bundle Ai x Gr s _i(V) given by 

dz>(x, VF) = du M (x) du x (W). 

Then, v is a stationary measure for the random walk. Let 

Z = {yeM : i>y(I(w)) > for some w G P^V)}, 

Suppose ^(Z) > 0. Let r > 1 be maximal so that for a positive measure subset 
Z r C M. and all y G Z r , there exists an r-dimensional subspace U y with u y (I(U y )) > 0. 
Here 

I(U v ) = {WeGr 8 - 1 (V) : W D U y }. 

Since r is maximal, for almost all y, the distinct U y for which v y (I{U y )) > are 
disjoint. Thus, the set of U y for which £> y (I(U y )) is maximal is finite, and by ergodicity, 
the cardinality of this set is constant almost everywhere. Then, for each x G Z r we 
can measurably choose U x G P x (y) such that X (I(U X )) > 0. Then, 



v 



\J{x}xI(U x )\ >0. 



We now measurably choose w x G U x . Then 
(2.9) z> 



|J{x}x/K)) >0. 
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Therefore, (12.91) holds for some ergodic component of v. However, this contradicts 
Lemma 12.101 since the action of the cocycle on V is strongly irreducible. Thus, 
u{Z) = and u(Z c ) = 1. By definition, for all y E Z c and all w y E V, 
holds. □ 

The following lemma is a consequence of Corollary 12.111 

Lemma 2.12 (c.f. [EMI Lemma 14.4]). For every 5 > and every e > there exists 
Egood C M. with VM{.E r j 00 d) > 1 — 5 and a = a(S, e) > 0, such that for any y E E goo d 
and any vector w E P 1 (V / ), 

(2.10) fi N ({g : d(w,V B - 1 (y,g))>a})>l-e 

(In (I2.10p . d(-, •) is some distance on the projective space P 1 (V^)). 

Proof. We reproduce the proof from \EM\ Lemma 14.4] for the convenience of the 
reader. By Corollary 12.111 there exists Z C M. with uj^(Z) = such that for all 
y E Z c and all w y E F\V), (E2D holds. 

Fix y E Z c . Then, for every w y E P 1 ^) there exists o"o = &o(y,Wy,€) > such 
that 

fi N ({g E SL(2,R) N : d(V s -t(y,g), w y ) > 2a (y, w y , e)}) > 1 - e. 
Let U(y,w) = {z E ^(V) : d(z,w) < o~ (y,w,e)}. Then the {U(y, w)} we pi(y) form 
an open cover of the compact space P 1 (V), and therefore there exist wi, . . .w n with 
pl (y) = Ur=i U{Vi w i)- Let a i(Vi e ) = min i a o{y, Wi, e). Then, for all y E Z c , 
fi N ({g E SL(2,R) N : d(V s - 1 (y,g),w)>a 1 {y,e)})>l-e. 

Let .E'jv(e) = {x E Z c : a±(x, e) > i}. Since |J^=i En(c) = Z c and v{Z c } = 1, there 
exists iV = N(5, e) such that u(E N (e)) > 1-5. Let a — 1/N and let E good = E N . □ 

Let Ui(n, y, g) denote the direct sum of the eigenspaces of 

A* v (g n - ■ .gi,y)A v (g n . . .g u y) 

which correspond to those eigenvalues which will converge as n — > oo to 2a«. Let 
Vi(n,y,g) = Ui(n,y,g)(B- ■ -®Ui(n,y,g). Then, it follows from part II of Theorem 12. 71 
that for almost all y and almost all g, 

(2.11) lim Ui(n, y,g) = Ui (y,g) and lim Vj(n, y, g) = Vi(y, g). 

n— >co n— >oo 

The set F goo d(e,a, L). Suppose e > 0, a > 0, and L E N. Let F goo d(e,a, L) denote 
the set of y E M. such that for any v y E V 

(2.12) fx N ({g : d(v y , V_i(L, y,g)) > a)}) > 1 - e/2 
and also 

(2.13) ^({g : || A v (g L . . . g u y) \\ E ((A x - e/2) L , (X, + e/2) L )}) > 1 - e/2. 

Since the cocycle Ay is continuous and both (12 . 1 2[) and (I2.13P depend on g only 
via #1, ... , g L , the set F good (e, a, L) is open. 
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Lemma 2.13. For any fixed e > and 5 > there exist L > and o > such that 
for all L > L , v M ( F g ood(t, <r, L)) > 1 - 5. 

Proof of Lemma 12.131 Let a > and E good C Ai be as in Lemma 12.1 2[ with 5/ A 
and e/4 instead of 5 and e. By (12. lip , we can find L\ > and a set E± G Ai with 
i>m{Ei) > I — 5/4 such that for y E E\ and L> L\. 

V n ({g : d(V s _ 1 (L, 2 /^),V a _i( 2 /^))>tr/2})<e/4 

Then, for y £ E good nEi, and L> L\, (12.121) holds (with a replaced by er/2). Also, by 
Theorem 12. 71 part I, there exists L 2 > and a subset E 2 <Z M. with u M (E 2 ) > 1 — 5/2 
such that for y £ £ 2 and L > L 2 (l233|) holds. Now let F good (e, cr, L) = E 900(i n E x n E 2 
and choose L = max(L!,L 2 ). □ 

We also use the following trivial result: 

Lemma 2.14. For any o > i/iere is a constant c(cr) > u>zt/i £/ie following property: 
Let A £ CrL(V) 6e a linear map, and let V C V denote the subspace spanned by the 
eigenspaces of all but the top eigenvalue of A* A. Then, for any v with \\v\\ = 1 and 
d(v, V) > a, we have 

||A||>||ilt;||> C (a)||il||. 

Proof of Lemma 12.91 Suppose e > and 5 > are given, and let a > and 
L > be as in Lemma 12.131 Choose L > L such that (Ai — e/2) L c(a) > (A — e) L , 
where c(cr) is as in Lemma [2.141 Pick v y £ V. Then, in view of Lemma [2.141 for all 
g satisfying RZ7F$ and f[2~T3D . 

(A, + e/2f > \\A v (g L ... 9l , y) \\ > l^,^^ > {x± _ e) , 

\\ v y\\ 

□ 

2.2.2. Proof of Theorem \2.b\ In view of Lemma l2.91 we choose L so that VM{Egood{ e , L)) > 
1 — e. Pick an arbitrary v £ V, and let 

Vi = v i(9) = A(g t . ..gi,x)v . 

Let 

J((?) = {i£N : gi . . . g x x £ E good (e, L)} 
where H(-) is as in the definition of E good (e, L). By Corollary 1 2 . 2 1 and (12.61) . for almost 
all g, the lower density of J(g) is at least 1 — 3e. For almost every such g we can find 
a subset 1(g) C J(g) so that 

N = K U | J [i, i + L] 

where the intervals + L] are disjoint for i £ 1(g), gi+i, gi+L £ H(vi) (by the 
strong law of large numbers) and the upper density of K is at most 4e. 
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Now suppose n ^> L. Then, 



i=l 11 * 111 ieI(g)n[l,n-L] 11 i&K 11 1 111 i=n-L 



Let C be such that for all g in the support of n and all y G .M , || y) || < C. Then, 
1 5*3 1 < LlogC. Also, since the upper density of K is at most 3e, l^l < 3enlogC 
However, by (12.71) . 

S l > \I(g) n [1, . . . , n}\ log(A 1 - e) L > (1 - 4e)n(A 1 - e). 

Thus, for almost all g and any n ^> L, 

11 L 

-log\\A v {g n ... gi ,x)\\ > -log||v n || > (1 -4e)(Ai - e) -4elogC- -logC. 

n n n 

Since e > is arbitrary, we get that for almost all g, 

lim - log \\A v (g n . . .g h x)\\ > X x , 

which proves the lower bound in (12. 3p . The proof of the upper bound in (12. 3p is 
similar. Let a = 1, and a { = \\A v (gi . . .g 1 ,x)\\. Then 

n L 

loga n => log = > + > log + > log 

aj_i a» ' aj_i ai_i 

i=l i6/(s)n[l,...,n-L] ieKn[l,...n-L] i=n-L 

— S\ +5*2 -\-S%. 

As above, \S 2 \ < 4enlogC and \S$\ < LlogC. By (1277]) . 

S 1 ! < n [1, . . . , n]| log(Ai + e) L < n(X 1 + e). 
Therfore, for almost all g, 



lim - loga„ < (Ai + e) + 4eC. 

n— too n 

Since e > is arbitrary this completes the proof of Theorem 11.51 □ 

3. Proof of Theorem 11.11 

3.1. An analogue of Lemma 12.31 Let f]T,e denote the measure on SL(2, R) given 
by 

1 f T 



o 



In this subsection we prove the following: 
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Proposition 3.1. Fix x £ M.. For almost every 9 £ [0,27r], if vg is any weak- 
star limit point (as T — > oo) of rjT,e * 8 X , then then vg is invariant under P, where 

P=(* *)cSX(2,R). 

The proof of Proposition 13.11 is based on the strong law of large numbers. In fact, 
Proposition 13.11 holds for arbitrary measure-preserving SX(2,R) actions. 

It is clear from the definition, that for any 9, any weak-* limit point Vg is invariant 
under g t . Let 

1 a\ _ (\ 



\0 1J Ua ~ \a 1 
Hence it is enough to show that vg is invariant under u a for every a. Fix < a < 1. 
A simple calculation shows that for < £ < tt/2, 

n = «-tan 5 a^tan € , where as = (^°^ x/^sf) ■ 

Then, 

(3.1) g t r^ = (gtU-taa^gT^ddtUtaJx^gt 1 )^ = (W- e -2ttane)^(u e 2ttan£)fl't- 

Let 6^ be defined by the equation 

(3.2) e 2t tan at = a. 

We claim that Proposition 13.11 follows quickly from the following: 

Proposition 3.2. Fix x £ Ai, and < a < 1. Lei £ C C (.M) 6e a test function. 
Let 

(3.3) / t (0) = (j)(g t rgx) - (f)(g t r e+at x) 
where 9 t is as in \3. || ). Then, for almost every 9 £ [0, 27r], 

(3.4) lim i f f t (B)dt = 0. 

Proof that Proposition 13.11 follows from Proposition 13.21 Let x, 0, a, # t be 

as in Proposition 13.21 We need to prove that for almost all 9, 

1 f T 

(3.5) hm — / {<p{u a g t r e x) - <p(g t r e x)) dt = 0. 



T^ooT „ 

Since the smooth functions are dense in L l , without loss of generality, we may assume 
that (f) is smooth. Then, there exists a constant M such that for h £ SL(2, R) near 
the identity / £ SX(2,R) and all y e M, 

(3.6) |0(M-0(y)|<M||/i-/||. 
We write 

(3.7) <p(u a g t r B x) - 4>(g t r d x) = (4>(u a g t rgx) - <j)(g t r e+at x)) + ((f>(g t r e+at x) - (j){g t rgx)). 



BIRKHOFF AND OSCELEDETS GENERICITY 



15 



Let Ji be the contribution of the first term in parethesis in ( 13. 7ft to ( 13. 5ft and let J2 
be the contribution of the second term. We have, using ( 13. ip and (13. 2p . 

1 f T 

Ji= lim — / 4>(u a g t rex) - 4>((u e -2t tanat )a at u a g t r e x)dt 



1 



< M lim — / l|w e -2t tanQ!t a Q4 - J|| dt = 0, 



by (JED and o; t = 0(e - *). Also J 2 = by Proposition [321 Thus ([33} holds. 

This shows that for any fixed < a < 1 for almost all 9, the measures i/# of 
Proposition 13.11 are invariant under u a (as well as gt for all t). We now repeat the 
proof with two different en's linearly independent over Q. We get that for almost all 
9, any limit point of r]T ) e*S x is invariant under a dense subgroup of P, hence invariant 
under all of P. This completes the proof of Proposition 13.11 □ 

Note that from (I3.3P we have 



(3.8) / f t (9)d9 = 0. 



2- 





Lemma 3.3. There exist A > and C > such that 

(3.9) I'* ft(0)W)d9<Ce- x ^. 

Jo 

Proof. Without loss of generality we may assume that ( 13. 6p holds, and that t > s. 
Let r = (t + s)/2. Let A v C [0, 2n] be an interval of the form [tp — e~ 2r , <p + e~ 2r ]. 
Then, for 9 = ip + 77 e A v , 

g s r e = g s r ri r^> = (^r^J 1 )^, 

and hence, using (13. 6p . 

\fs(9) - f s (ip)\ < AMWg^ 1 - I\\ < AMe~ 2<yT ~ s \ 

Therefore, 

(3.10) j^-r f f t (9)f s (9)d9 = f s (cp)-±-[ f t (9)d9 + 0(e- 2 ^). 



Now, from the definition ( 13. 3D of f t , we have 

(3.11) -L / f t (9)d9 = 0(e- 2 ^). 

(Essentially the integral cancels except for the contribution of two "boundary regions" 
each of size 0{9 t ) = 0(e~ 2 *). Since f t is bounded and \A^,\ = 2e~ 2r , (13.111) follows.) 
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Now from (13.101) and (13. lip we get that for every (p G [0, 2ir\ 
1 



I A, 



ft(9)fs(9) d9 = 0{e~ 2 ^) + 0(e" 2 ^). 



Since r = (s + t)/2, this immediately implies (13. 9p . □ 

Now, Proposition 13.21 follows from the following straightforward version of the 
strong law of large numbers, which we will prove in §3.21 for the interested readers' 
convenience: 

Lemma 3.4. Suppose f t : [0, 2tt] — > R are bounded functions satisfying h3. 8\) and 
/ Iff. 9\) (for some C > and A > 0). Additionally, assume that ft{9) are 2M-Lipshitz 
functions oft for each 9 Ii3. 6\) . Then, for almost every 9 e [0, 27r], (fff.^p holds. 

3.2. Proof of Lemma 13.41 We recall the following basic facts: 

Lemma 3.5 (Chebyshev inequality). Let f : Q — > R have j Q f(u) 2 du < C . Then 

1 



v({u:\f(u)\>sC})< 



s 2 C 



Lemma 3.6 (Borel-Cantelli) . Let A\, ... be fi-measurable sets such that A* (A) < °°- 
Then /i(n~ x U~ =i A n ) = 0. 



Proof of Lemma 3.4 First, because ft(9) is an 2M-Lipshitz function of t for each 9 
it suffices to show that for any e and almost every 9 we have: 



(3.12) 



lim sup 



1 n 



< e. 



We will show that (I3.12p follows from (I3.9p . the Borel-Cantelli lemma, and Cheby- 
shev's inequality. 

To see this, observe that KEtifM) 2 = J Eti U°) 2 + £ 4<J . <n e -^-«l. 
So, there exists C' e such that J (X)I=i fei{9)) 2 = nC' e J f 2 . By Chebyshev's inequality: 

there exists such that A({# : \\Y^=ifM\ > §}) < ?• % the Borel-Cantelli 
Lemma it follows that for almost every 9 we have 



lim sup 



n z 

8=1 



< 



< 



Notice (N + l) 2 — N 2 = 2N + 1 and so for any M > there exists N E N such that 
< M - TV 2 < 2 V / M. It follows that for all large enough M 

1 AT -.Af 2 AT 

t=l i=l j=AT 2 +l 

This uses that the f t are uniformly bounded. For all large enough M this is smaller 
than e and Lemma [3.41 follows. □ 



2CVM 
M 
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3.3. Completion of the proof of Theorem 11.11 

Proposition 3.7 ( |EMM[ Proposition 2.13]). LetAf be any affine submanifold. Then 
there exists an SO(2) invariant function f^ '■ "Hi(«) — > M +; c, b G M such that 

(1) fj^(x) = oo iff x G Af. Also fx is bounded on compact subsets ofH\{a) \Af. 
Also {x : fAf{x) < N} is compact for any N . 

(2) There exists b > (depending on Af) and for every < c < 1 there exists 
to > (depending on Af and c) such that for all x G T-Li(a) and all t > to, 
h Jo* f^(gtrex) d9 < cf N (x) + b, 

(3) For any g G SL(2,R) and \\g\\ < 1 we have fu(9 x ) < °~' f'N( x )- 

Theorem 3.8 (p[J Theorem 2.3]). Given a function f^ satisfying (2) and (3) of 



Proposition \3. 7\ we have that for any < f3 < 1 there exist M < oo and 7 < 1 such 
that for every x we have 

A ({9 : f(g t r e x) > M for at least /3-fraction of t G [0, T]}) < 7 T 

for all large enough T. 

Proof of Theorem ll.il Let vq be any weak-star limit point of the measures t]T,e*S x - 
By Proposition 13. 1[ for almost all 9, vg is P-invariant. 

By |EM[ Theorem 1.4], any ergodic P-invariant measure is SL(2, M)-invariant and 
affme. Therefore, since vq is supported on A4, it has can be decomposed into ergodic 
components as 

AfCM 

where a^{9) G [0, 1] and the sum is over the affme invariant submanifolds M contained 
in A4. (Here M = A4 is allowed). By |EMM1 Proposition 2.16] this is a countable 
sum. By applying Theorem 13.81 for the case M = we get that for almost all 9, 
vq is a probability measure. Then, by applying Theorem 13.81 again with M any 
affine invariant submanifold properly contained in A4, we see that for almost all 9, 
ve{N) = 0. Thus, for almost all 9, a^{9) = for any Af properly contained in A4. 
Since vg is a probability measure, this forces ug = um for almost all 9, completing the 
proof of Theorem 11.11 □ 

4. Proof of Theorem 11.51 

Let \i be as in §5J The following lemma expresses the well known fact that a typical 
random walk trajectory tracks a geodesic (up to sublinear error). 

Lemma 4.1 (Sublinear Tracking). There exists A > (depending only on fi), and 
^ -almost all g = (gi, . . . ,g n , . . .) G SX(2,M) N there exists 9 = 9(g) G [0, 2ir) such 
that 

(4.1) lim -loglK^r^X^...^)- 1 !! =0, 

rwoo n 
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fe Xn \ 

where g\ n denotes ( n ^_ An J. Furthermore, the distribution of 6 is uniform, i.e 

\9 2 — Q\ | 
2^ ' 



x e 

(4.2) ^({geSL(2,Rf : 9(g) £ [9 U 9 2 ]}) 



Proof. We apply the multiplicative ergodic theorem Theorem 12.71 to the identity 
cocycle a(g,x) = g (instead of Ay). Let A £ SX(2,R) be as in II of Theorem 12.71 
Since A is symmetric, we may write 

Then, ( 12. 5 p immediately implies (14. ip . 

Let a denote the measure on [0, 2n) such that a([6 l 1 , $2]) is given by the left-hand- 
side of ( 14. 2p . It is easy to show that a must be /i-stationary, i.e. ^1*0 = 0. Since /1 
is assumed to be <S'0(2)-bi- invariant, this implies that a is the uniform measure. □ 



Proof of Theorem 11.51 By Theorem 12.61 there exists a set E with fi N (E) = such 
that for g j£ E, (12. 3p holds. By Lemma I4.1[ for almost all 9 £ [0, 2ir) there exists 
g = (gi, . . . , g n , . . . ) £" E so that if we write 

9\ n re = e n 9n---gi, 

then e n £ SX(2,R) satisfies 

(4.3) lim i log = 0. 

n—s>oo " 

Then, by the cocycle relation, 

A v {g\n, r 6 x) = A v (e n , g n ... g 1 x)A v (g n ...g 1 ,x). 

By |Foj . there exists C > and N < 00 so that for all g £ SL(2, R) and all 2 £ ?^i(a), 
we have 

(4.4) A v (g,x)<C\\g\\ N . 
Hence, by ( 14. 3D and (14.41) . we have 

log||^v(fl , An,r e a;)|| = log||A v (#„. . .^i,a;)|| +o(n). 
Now the existence of the limit in (11.31) follows from (12. 3p . □ 
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